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Abstract We describe how outer flow turbulence
phenomena depend on the interaction with the wall.
We investigate coherent structures in turbulent flows
over different wavy surfaces and specify the influence
of the different surface geometries on the coherent
structures. The most important contribution to the
turbulent momentum transport is attributed to these
structures, therefore this flow configuration is of large
engineering interest. In order to achieve a homoge-
neous and inhomogeneous reference flow situation two
different types of surface geometries are considered:
(1) three sinusoidal bottom wall profiles with different
amplitude-to-wavelength ratios of a = 2a/L = 0.2
(L = 30 mm), a = 0.2 (L = 15 mm), and a = 0.1
(L = 30 mm); and (2) a profile consisting of two
superimposed sinusoidal waves with a = 0.1 (L
= 30 mm). Measurements are carried out in a wide
water channel facility (aspect ratio 12:1). Digital par-
ticle image velocimetry (PIV) is performed to examine
the spatial variation of the streamwise, spanwise and
wall-normal velocity components in three measure-
ment planes. Measurements are performed at a
Reynolds number of 11,200, defined with the half
channel height h and the bulk velocity UB. We apply
the method of snapshots and perform a proper
orthogonal decomposition (POD) of the streamwise,
spanwise, and wall-normal velocity components to ex-
tract the most dominant flow structures. The structure
of the most dominant eigenmode is related to counter-
rotating, streamwise-oriented vortices. A qualitative
comparison of the eigenfunctions for different sinu-
soidal wall profiles shows similar structures and com-
parable characteristic spanwise scales Lz = 1.5 H in the
spanwise direction for each mode. The scale is ob-
served to be slightly smaller for a = 0.2 (L = 15 mm)
and slightly larger for a = 0.2 (L = 30 mm). This scal-
ing for the flow over the basic wave geometries indi-
cates that the size of the largest structures is neither
directly linked to the solid wave amplitude, nor to the
wavelength. The characteristic spanwise scale of the
dominant eigenmode for the developed flow over the
surface consisting of two superimposed waves reduces
to 0.85 H. However, a scale in the order of 1.3 H is
identified for the second mode. The eigenvalue spectra
for the superimposed waves is much broader, more
modes contribute to the energy-containing range. The
turbulent flow with increased complexity of the bottom
surface is characterized by an increased number of
dominant large-scale structures with different spanwise
scales.
1 Introduction
Technical and geophysical relevant flows are charac-
terized by high Reynolds numbers and complex
boundaries. The turbulent flow over these rough or
structured surfaces is associated with increased trans-
port of species (heat or mass) and momentum.
Differently shaped wavy walls as boundaries of the
flow resemble the wall complexity in a well-defined
manner and therefore serve as test cases for the study
of wall influence on turbulence. We investigate the
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turbulent flow between a flat top and a complex bot-
tom wall and describe the influence of different surface
geometries on large-scale coherent structures in the
region of the flow above the wall shear layer. In order
to achieve a homogeneous and inhomogeneous refer-
ence flow situation two different types of surface
geometries are considered: (1) three sinusoidal bottom
wall profiles with different amplitude-to-wavelength
ratios; and (2) a profile consisting of two superimposed
sinusoidal waves.
The flow over a train of solid waves is connected to a
developing shear layer, formed by the separation of the
flow shortly after the wave crest, which extends over
the whole wavelength (Cherukat et al. 1998). For
smooth walls flow-oriented vortical eddies have been
associated with large Reynolds stresses and with the
production of turbulence in the viscous region close to
the wall (Brooke and Hanratty 1993). Gu¨nther and
Rudolf von Rohr (2003), Kruse et al. (2003), and Kruse
et al. (2006) investigated the structure and dynamics of
turbulent motions in the outer part of the wall shear
layer in a developed turbulent flow over waves and
identified flow-oriented large-scale structures.
The literature on the stability of a sheared flow over
solid waves suggests the Go¨rtler mechanism (Go¨rtler
1940; Saric 1994) or the Craik–Leibovich type-2
mechanism (Phillips and Wu 1994; Phillips et al. 1996)
to produce or catalyse spanwise-periodic longitudinal
vortices. The Go¨rtler mechanism is based on a bound-
ary-layer instability induced by the local wall curvature
which then forms steady, flow-oriented, counter-rotat-
ing vortices (Go¨rtler vortices). In the works of Phillips
and Wu (1994) and Phillips et al. (1996) longitudinal
flow structures are explained by a Craik–Leibovich
type-2 (CL-2) instability. This instability is caused by
the periodicity of the bounding surface rather than its
local curvature. The CL-2 instability is referred to as
catalysing longitudinal flow structures.
We address the characteristic scales and eigenvalue
spectra of large-scale structures in the turbulent flow
over differently shaped complex surfaces by means of a
POD of the velocity field obtained by stereoscopic
PIV. Thus we describe the influence of different sur-
face geometries on these large-scale coherent struc-
tures.
2 Flow description
We consider the turbulent flow between a solid com-
plex bottom surface and a flat top wall. The investi-
gated bottom surfaces are three different sinusoidal
walls with amplitude-to-wavelength ratios of a = 2a/
L = 0.1 (L = 30 mm), a = 0.2 (L = 30 mm), and a = 0.2
(L = 15 mm), respectively a surface consisting of
two superimposed sinusoidal waves with a = 0.1
(L = 30 mm). The two types of complex surfaces and
the used coordinate system are depicted in Fig. 1. The
streamwise coordinate direction is denoted by x, the
vertical direction by y, and z is the spanwise direction.
The corresponding velocity components are denoted as
u, v, and w. The profile of the wavy walls can be cal-
culated by
ywðxÞ ¼ a sin 2pxK
 
; ð1Þ
the superposition of the two sinusoidal waves is given
by
ywðx; zÞ ¼ a sin 2pxK
 
sin
2pz
K
 
: ð2Þ
The flow over the wavy walls is homogeneous in
spanwise direction, whereas for the flow over the
superimposed waves inhomogeneous flow conditions
are achieved. The turbulent flow is characterized by the
Reynolds number
Reh ¼ UBhm ð3Þ
where m denotes the kinematic viscosity, h is the half
height of the channel, and the bulk velocity UB is given
by
UB ¼ 1
2h  yw
Z2h
yw
U xn; yð Þdy ð4Þ
where xn denotes an arbitrary x-location and yw
describes the profile of the complex surface.
3 Experiments
The measurements are carried out in the channel
facility depicted in Fig. 2. The working fluid is deion-
ized and filtered water, the channel facility is made of
anodized aluminium, PVC, and Schott BK-7 glass. All
parts are positioned in a welded stainless steel frame.
The flow loop and frequency controlled pumps are
designed for turbulence measurements with light sheet
techniques at Reynolds numbers up to 21,000, defined
with the bulk velocity UB and the half channel height h.
The measurements presented in this paper are per-
formed at a Reynolds number of 11,200, earlier studies
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showed no Reynolds number dependency for flow
conditions at Reynolds numbers above 8,000 (Kruse
2005). The full height of the channel, H, is 30 mm, and
its aspect ratio (width B to height H) is 12:1. The
bottom wall in the test section can be interchanged
between the four complex surfaces. Gauge measure-
ments confirm that the milled PVC walls deviate less
than 0.33% from the ideal sinusoidal shape. Optical
access is provided at four streamwise positions through
viewing ports, positioned at both sidewalls and at the
flat top wall. Measurements are performed for a
hydrodynamically developed turbulent flow after the
50th wave crest (L = 30 mm), respectively after the
100th wave crest (L = 15 mm). Digital PIV is per-
formed to examine the spatial variation of the
streamwise, spanwise and wall-normal velocity com-
ponents (Adrian 1991; Raffel et al. 1998; Westerweel
1997; Westerweel and van Oord 2000). Measurements
are performed in the (x,y)-, (x,z)-, and (y,z)-plane at a
Reynolds number of 11,200. For the 2D/2C measure-
ments the flow is seeded with hollow glass spheres with
a mean diameter of 10 lm (density: 1.03 g/cm3), for the
2D/3C measurements 50 lm polyamide particles
(density: 1.01 g/cm3) are used for seeding. We consider
an ensemble of 1,000 consecutive images pairs in all
measurement planes acquired at a frame rate of 4 Hz.
A flashlamp-pumped dual Nd:YAG-laser provides the
pulse light source, a 10-bit CCD camera with a pixel-
resolution of 1,280 · 1,024 pixels2 is used for the
velocity measurements. The measurement system
consisting of the laser, the laser optics, and the camera,
is positioned on a traverse that allows vertical adjust-
ment with an accuracy of approximately 10 lm. The
measurement accuracy of PIV is influenced by the
particle image diameter, the particle image density, the
particle image displacement and the velocity gradient
within the interrogation area. Thus the total error can
be subdivided into errors resulting from the image
processing (interrogation scheme) and errors resulting
from the image recording. Due to the considered
interrogation algorithm the error level for the image
processing is estimated to be below 10–2 pixels (Scar-
ano and Riethmuller 2000; Scarano 2002). The error
caused by the optical imaging is determined to be
0.01% (Kruse 2005). Thus the uncertainty of the PIV
measurements resulting from the experimental setup,
image acquisition and image processing is estimated to
be in the order of 1%.
4 Results
4.1 POD analysis
We use the method of snapshots (Sirovich 1987) and
perform a proper orthogonal decomposition (POD)
Fig. 1 Profiles of the complex surfaces
Fig. 2 Channel flow facility consisting of 1 turning elbows; 2 honeycomb; 3 flat-walled entrance section; 5 test section with complex
bottom and flat top wall; 4, 6–8 optical viewports; 9 reservoir; 10 frequency controlled pumps; 11 pipe and 12 diffusor
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or Karhunen–Loe`ve (KL) transformation of the
measured velocity field (Berkooz et al. 1993).
Reynolds averaging is applied and the velocity field
U = [u,v,w ]T measured in the (xi,xj)-plane is decom-
posed into a mean and fluctuating part:
U xi; xj; t
  ¼ U xi; xj þ U0 xi; xj; t : ð5Þ
We consider discrete times ti with i = 1,... ,M, and 1,... ,N
discrete locations in the (xi,xj)-plane, where N = mn
with xi:(1,m) and xj:(1,n). The resulting set of spatio-
temporal data can be written as the (3N · M) matrix
M ¼
u011 u
0
12 . . . u
0
1M
u021 u
0
22 . . . u
0
2M
. . . . . . . . . . . .
u0N1 u
0
N2 . . . u
0
NM
v011 v
0
12 . . . v
0
1M
v021 v
0
22 . . . v
0
2M
. . . . . . . . . . . .
v0N1 v
0
N2 . . . v
0
NM
w011 w
0
12 . . . w
0
1M
w021 w
0
22 . . . w
0
2M
. . . . . . . . . . . .
w0N1 w
0
N2 . . . w
0
NM
2
66666666666666664
3
77777777777777775
: ð6Þ
Using the method of snapshots the (M · M) covariance
matrix reads
Cij ¼ 1
M
MiMj
 
; i; j ¼ 1; . . . ; M ð7Þ
where Æ,æ denotes the Euclidian inner product. Since
this covariance matrix is symmetric its eigenvalues, ki
(i = 1,... ,M), are non-negative, and its eigenvectors, ui
(i = 1,... ,M), form a complete orthogonal set. The
orthogonal eigenfunctions are
P½k ¼
XM
i¼1
/½ki Mi; k ¼ 1; . . . ; M; ð8Þ
where ui
[k] is the ith component of the kth eigenvector.
The total energy E of the flow is obtained by the
summation over the eigenvalues ki (i = 1,... ,M)
E ¼
XM
i¼1
ki: ð9Þ
The fractional contribution of each eigenfunction to
the total energy is given by the fractional contribution
of its associated eigenvalue
Ek
E
¼ kkPM
i¼1 ki
ð10Þ
Using only the first K most energetic eigenfunctions an
approximation of the original data is given by
U0j ¼ U þ
XK
i¼1
aiP
½i; ð11Þ
where the coefficients ai are calculated from the
projection of the sample vector U¢j onto the
eigenfunction P[i]:
ai ¼ U
0
j  P½i
P½i  P½i: ð12Þ
This operation corresponds to low-pass filtering and
can be used to study the structure of the large-scale
structures.
4.2 Results in the (x,y)-plane
The measurements in the (x,y)-plane are performed in
a field of view which covers the whole region between
the complex surface and the flat top wall, extending at
least over one wavelength in streamwise direction
[FOV 1.1 H (streamwise) · 1.0 H (vertical)]. The
spatial resolution of the PIV data in this plane of
measurement is 0.014 H (streamwise) · 0.015 H (ver-
tical). Thus it is possible to determine the location of
the most dominant flow structures in the flow field.
Figure 3 depicts the contour plot of the streamwise
component of the first eigenfunction obtained by a
POD of u/UB(x,y,z = 0.5B,t) for all wavy profiles at a
Reynolds number of Reh = 11,200. The most energetic
flow structure is located in the vicinity of the complex
surface. The maxima is found at a location of
y/H = 0.26 for the profiles a = 0.2 (L = 15 mm) and
a = 0.1 (L = 30 mm), for a = 0.2(L = 30 mm) slightly
above and for the superimposed waves slightly below
that value. We identify contributions to the kinetic
energy of 34% for the profile a = 0.1 (L = 30 mm),
which decrease with decreasing wavelength to 24.6%
for the profile a = 0.2 (L = 15 mm), respectively with
increasing amplitude to 29.4% for the profile a = 0.2
(L = 30 mm). The lowest value of 10.3% is found for
the profile consisting of the superimposed waves. Fig-
ure 4 depicts the fractional and cumulative kinetic
energy contribution of the streamwise eigenvalues. For
the flow over the basic wavy profiles more than 50% of
the total energy is captured by less than ten modes.
With increasing wall complexity the eigenvalue spec-
trum becomes broader and therefore the number of
important modes in the flow increases.
4.3 Results in the (x,z)-plane
The measurements in the (x,z)-plane are performed in
a field of view which extends over a length corre-
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sponding to at least one channel height in streamwise
direction and at least 1.5 channel heights in spanwise
direction. For the three basic wave profiles the field of
view is 2.2 H (streamwise) · 3.0 H (spanwise) with a
resulting spatial resolution of 0.036 H (streamwise)
· 0.038H (spanwise), for the superimposed waves a
smaller field of view of 1.1H (streamwise) · 1.5 H
(spanwise) with a resulting higher resolution of
0.018 H (streamwise) · 0.019 H (spanwise) is chosen.
Thus we are able to address the spanwise scaling of the
large-scale structures.
Figure 5 depicts the contour plot of the streamwise
component of the first two eigenfunctions obtained by
a decomposition of u/UB(x,y/H = 0.26,z,t) for the four
wall profiles. In this figure we marked the wave crest
(continuous line) and the wave trough (dashed line) for
Fig. 3 Comparison of the first
eigenfunction for a
decomposition of u/
UB(x,y,z = 0.5B,t) for
a a = 0.2 (L = 15 mm),
b a = 0.2 (L = 30 mm),
c a = 0.1 (L = 30 mm), and
d superimposed waves,
Reh = 11,200
Fig. 4 a Fractional and
b cumulative kinetic energy
contribution from streamwise
eigenvalues for a
decomposition of
u/UB(x,y,z = 0.5B,t),
Reh = 11,200
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the basic wave profiles. A qualitative comparison of the
eigenfunctions for the three sinusoidal profiles exhibits
similar structures and a characteristic spanwise scale in
the order of Lz = 1.5 H. This spanwise scale is also
confirmed by the second eigenfunction. The highest
energy contribution is found for the first mode of the
profile a = 0.1 (L = 30 mm). Similar to the results in
the (x,y)-plane the energy contribution reduces with
decreasing wavelength [a = 0.2 (L = 15 mm)], respec-
tively increasing amplitude [a = 0.2 (L = 30 mm)]. For
the profile of the superimposed waves the energy
contribution of the first mode is 10.4%. This value is
larger than the one for the surfaces with an amplitude-
to-wavelength ratio of a = 0.2, but smaller than for the
profile a = 0.1 (L = 30 mm). The spanwise scale of the
first eigenfunction for the superimposed waves is in the
order of 0.85 H. However, this scaling is not confirmed
by the second mode, which exhibits a larger scale in the
order of 1.3 H, comparable to the spanwise distance of
the first and second eigenmodes of the basic wave
profiles. This supports the notion that by increasing the
surface complexity the energy spectrum increases and
thus the number of important modes exhibiting dif-
ferent scales is enlarged.
This is confirmed in Fig. 6 where the fractional and
cumulative kinetic energy contribution of the stream-
wise eigenvalues for the decomposition u/UB(x,y/
H = 0.26,z,t) is depicted. The eigenvalue spectra of the
basic sinusoidal profiles becomes broader with
decreasing wavelength [a = 0.2 (L = 15 mm)], respec-
tively increasing amplitude [a = 0.2 (L = 30 mm)]. For
the surface described by the superposition of two
sinusoidal waves the broadest spectrum is found,
although not so pronounced as the spectra in the
(x,y)-plane (Fig. 4).
To quantitatively address the spanwise scaling of the
large-scale structures we perform a streamwise aver-
aging of the first two eigenfunctions as depicted in
Fig. 7. To compare the scaling between the different
basic wave profiles the curves are shifted in the
homogeneous spanwise direction, so that one maxi-
mum coincides. We detect a characteristic spanwise
scale of the first eigenfunction of Lz = 1.5 H for the
profile a = 0.1 (L = 30 mm). For the profile a = 0.2
(L = 30 mm) with doubled amplitude the scaling in-
creases to Lz = 1.7 H. A spanwise distance of Lz
= 1.3 H is found for the profile a = 0.2 (L = 15 mm)
with same amplitude but half the wavelength com-
pared to a = 0.1 (L = 30 mm). These scalings are also
confirmed by the second eigenmode depicted in
Fig. 7c. Thus we identify a characteristic spanwise scale
of the first two eigenfunctions which is almost
independent of the wall geometry. The scaling of the
large-scale structures depends neither solely on the
amplitude nor the wavelength of the sinusoidal surface.
For the surface consisting of two superimposed
sinusoidal waves the spanwise scale of the first eigen-
mode of Lz = 0.85 H is confirmed by the averaging
process. But for the second eigenfunction a larger
spanwise distance of Lz = 1.3 H is found. This scaling
is comparable to the one of the basic sinusoidal profiles
found for the first two dominant modes.
4.4 Results in the (y,z)-plane
The measurements in the (y,z)-plane are performed in
a field of view which covers the whole region between
the complex surface and the flat top wall and extends at
least over a length corresponding to one channel height
in spanwise direction. For the basic wave profiles the
field of view is 1.0 H (vertical) · 1.6 H (spanwise) with
a resulting spatial resolution of 0.017 H (vertical)
· 0.02 H (spanwise), for the superimposed waves a
smaller field of view of 1.0 H (vertical) · 1.0 H
(spanwise) with a resulting higher resolution of
0.012 H (vertical) · 0.017 H (spanwise) is chosen. The
POD is applied to the velocity vector field U/UB(x/
L = 0.5,y,z,t) to obtain structural information about
the large-scale structures.
Figure 8 depicts the first eigenfunction for the pro-
file a = 0.2 (L = 15 mm), exemplarily chosen for the
basic wave profiles, and for the surface defined by the
superposition of two sinusoidal profiles. The structure
of the most dominant mode is that of counter-rotating
vortices. Between these vortices fluid is transported to
and away from the surface. The centers of the vortices
are found in the lower half of the channel at a wall-
normal distance which corresponds to the maxima of
the first eigenfunctions of the decomposition in the
(x,y)-plane (Fig. 3). The radius of the vortical fluid
motion is slightly larger for the basic wave profiles,
where a value of 0.8 H is found. For the superimposed
waves the radius decreases to 0.4 H. The spanwise
scale of identical fluid movement (i.e. to or away from
the surface) is equal to the spanwise scale of the
dominant eigenmode found in the (x,z)-plane. There-
fore we identify the large-scale structures present in
the vicinity of the complex surface as streamwise-ori-
ented, counter-rotating vortices exhibiting a charac-
teristic spanwise scale.
For all surfaces we found that eigenfunctions cor-
responding to higher POD modes and thus lesser en-
ergy contribution show characteristic smaller spanwise
scales that may likely be connected to the local wall
curvature, i.e. the Go¨rtler instabilities (Go¨rtler 1940;
Saric 1994).
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Fig. 5 Comparison of the first
two eigenfunctions for a
decomposition of u/UB(x,y/
H = 0.26,z,t) for a = 0.2
(L = 15 mm) (first row),
a = 0.2 (L = 30 mm) (second
row), a = 0.1 (L = 30 mm)
(third row), and for the
superimposed waves (fourth
row), Reh = 11,200
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5 Conclusions
In this study we addressed the influence of different
surface geometries on the coherent structures in a
turbulent flow. We obtained large image sequences in
three planes of measurement of a turbulent channel
flow at a Reynolds number of Reh = 11,200. We
applied the method of snapshots and performed a POD
of the velocity field to extract structural information of
the coherent structures.
From this orthogonal decomposition of velocity
fields we find similar large-scale structures in the
vicinity of the complex surface. These large-scale
structures are identified as streamwise-oriented, coun-
ter-rotating vortices exhibiting a characteristic scale in
the spanwise coordinate direction. We quantitatively
describe this spanwise scale by applying the POD onto
the streamwise velocity component in the (x,z)-plane.
We found similar spanwise scales in the order of
Lz = 1.5H for the basic wavy surfaces of different
amplitude-to-wavelength ratios in the first two eigen-
modes. In addition, the oscillation and the location of
the first two streamwise-averaged eigenfunction ex-
trema are nearly identical. This scaling indicates that
the size of the largest structures neither depends solely
on the solid wave amplitude, nor on the wavelength.
Fig. 6 a Fractional and
b cumulative kinetic energy
contribution from streamwise
eigenvalues for a
decomposition of u/UB(x,y/
H = 0.26,z,t), Reh = 11,200
Fig. 7 Comparison of
streamwise-averaged
eigenfunctions ÆP1,uæx and
ÆP2,uæx for a decomposition of
u/UB(x,y/H = 0.26,z,t) for
a and c the wavy wall profiles
and b and d the superimposed
waves, Reh = 11,200
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For the profile described by the superposition of two
sinusoidal waves a spanwise scale of Lz = 0.85H was
identified for the first eigenmode. However, this scaling
is not confirmed by the second eigenfunction where
a spanwise distance of Lz = 1.3 H is observed.
Additionally, the location of the extrema of the second
eigenmode is shifted by a spanwise distance of z/
H = 0.4.
The eigenvalue spectra from the orthogonal
decomposition in the (x,y)- and (x,z)-plane become
increasingly broader for the profile with doubled
amplitude [a = 0.2 (L = 30 mm)], half the wavelength
[a = 0.2 (L = 15 mm)], and the superimposed waves.
Thus by increasing the surface complexity more modes
contribute to the energy containing range.
We conclude that by increasing the complexity of
the bottom surface and thus altering the flow homo-
geneity from homogeneous in spanwise coordinate
direction as for the basic wave profiles to completely
inhomogeneous as for the superimposed waves the
energy spectrum of the turbulent flow and the number
of significant modes is increased. The flow over the
superimposed waves can be described as the superpo-
sition of dominant eigenmodes with different spanwise
scales.
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